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Higher-derivative contributions to the three-graviton vertex are calculated for 4- 
derivative quantum gravity, and its divergence is analyzed. It is shown that new 
divergences exist in the theory. 

As is well known, Einstein gravity is nonrenormalizable (Alvarez, 1989; 
Goroff and Sagnotti, 1986; van de Ven, 1992), as there is an infinite number 
of divergences in the theory. So it has been suggested to construct a renormal- 
izable theory by allowing oneself the freedom to modify general relativity 
by, e.g., adding higher-derivative terms to the Lagrangian (Stelle, 1977). 
However, considering the contributions of the higher-derivative terms to 
three-graviton vertex, we find that the theory will include new divergences. 

1. CONTRIBUTIONS OF HIGHER-DERIVATIVE T E R M S  TO  
T H R E E - G R A V I T O N  VERTEX 

In general, the action of higher-derivative gravity is (Stelle, 1977) 

= - - f  d4x ~TL-g(otR~R ~v - ~R 2 + K-2~/R) (1) Sgr 

where ~/= 2, K 2 = 32"trG, R~,~ = 0vF~ . . . .  The gravitational field variables 
are defined by the contravariant metric density: 

h r = K-l(x/-Z-gg r -- "qr (2) 

where .q~V = diag ( - + + + ) .  
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The standard quantized program gives the BRS-invariant generating 
functional as follows: 

Z[T~, -O~, O~, P~, Q~] = N-I I [dh~][dC~][dC~]exp(iSeff + i l daxLs) 

(3) 

where 

L~ = KT~h ~v + -OaC" + C~,O '~ + KP~Da C + K2QaOf3C~C f3 (4) 

1K2h-' I d4x c3"hwr[--']O,,h"r + I d4xC~OvD~vC~ (5) So~  = Sg ,  - 

and C, C are the Faddeev-Popov ghost and antighost, respectively. 
From equations (4) and (5), one finds that the ghost propagator behaves 

like k-2, the vertex of h-C--C like k 2 (Capper et al., 1973), and both h-C-P 
and C-C-Q like k 1. The graviton propagator has contributions from terms h 2, 
particularly from higher-derivative terms, of the action, and its behavior is 
as k-4 at large momentum (Stelle, 1977). 

The three-graviton vertex should have contributions from all h 3 terms 
in Sg~(l) i.e., it must have contributions coming from both R 2 and R. We 
find that the vertex is 

O(k l ,  k2, k3)al131,a2132,a31~3 ~-- O(2)(kl,  k2, k3)eq131,a2132,a3133 

-{- O(4)(kl,  k2, k3)al131,c~2B2,a3133 (6) 

where 

O(2)(kl, k2, k3)cq131,u2132,a3133 

= +"yK[k2(alk3131)(2"lqa2(a3"lq133)132 - -  qf]ct2B2"l]a3133) 

+ 4k3(a2"q132)(alll130(a3k2133) + k 2 �9 k3(Tlal(a21"l132)131"qa3133 q- "qal(a3qq[$3)131qqa2~2 

-- 2aqal(a2"ql~2)(a3TIi33)131 -- 2"tlat(a3"q133)(a2"q132)131)] + cyclic (1, 2, 3) 

O(4)(kl,  k2, k3)al131,ot2132,a3133 

I 3 2 = --r~K [2kl'qafqk3(a2"q~z)(a3k2133) + (k 2 + k~) 

X (k2(alk3131)'qa2132~qa3133 q- I 2 I 4 Tk iTlal131qqa2(a3~133)132 ) d- ~-k cq~a~ 

rqqctz[32"qct3133)] q- k2 z + k 2) X ('qct2(~t3"q[33)132 4-  I �88 2 + 

1 
X (k3(a2~132)(cqqq131)(a3k2133) + ~k2(alk3131)~a2(et3qq133)132 ) 
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Fig, 1 The three-graviton vertex. 

+ 2k~ad31k3(a2'rlf32)(a3k2~2) - -  k~lk2(alk3~l)'l]ct2132'l'~ct3133 
2 2 I 

+ 2k2k3'lflal131~la2(a3"q133)132 - k2k2 . k3"llal131(~a2(a3"ll133)132 -~'l~a2132~f]a3133 ) 

+ 4 
k l('qal(a2"q132)(a3"fl133)131 + "l~131(a2"l]132)(a3~133)al)] + cyclic (1, 2, 3) 

where | is the contribution of the term R in the action (Capper et al., 
1973) and O (4) is contributed by terms R 2 and R~,,R~. 

This result shows that the three-graviton vertex behaves as  k 4 at large 
momentum. By a similar calculation, one can predict that the ultraviolet 
behaviors of four, five . . . .  -graviton vertices are also - -k  4. In some references 
the three-graviton vertex behavior was considered only as k 2 (Fig. 1). In this 
paper we believe that the higher-order terms of momentum in the graviton 
vertex may be neglected when discussing its infrared behavior, but when 
discussing its ultraviolet behavior the terms like k 4 will play a major role. 

2. DIVERGENCE ANALYSIS OF ONE-LOOP DIAGRAMS 

In the following we shall discuss the divergence for various one-loop 
diagrams in the higher-derivative gravity. 

2.1. The Case with Purely 2-Derivative Graviton Vertex 

If the graviton vertex is only counted to 2-derivative order, its ultraviolet 
behavior is like k 2. Divergent diagrams with pure external graviton lines are 
illustrated in Fig. 2. It is shown that there is an infinite number of divergent 

~ ~, .-'""..,. h .-" "- 
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Fig. 2 The two types of divergent diagram which involve pure external graviton lines 
with purely 2-derivative graviton vertices. (a) Ghost loop, (b) graviton loop. 
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ghost-loop diagrams, and only two of the graviton-loop diagrams, which 
involve one- or two-graviton vertices, are divergent. By analyzing the degree 
of divergence, each of the ghost-loop diagrams in Fig. 2(a) is fourth-order 
divergent, and the graviton-loop diagrams in Fig. 2(b) are quadratically and 
logarithmically divergent, respectively. But the other graviton-loop diagrams, 
involving three and more graviton vertices, will converge. 

For the diagrams involving external ghosts, there are three types of 
divergent diagram, illustrated in Fig. 3. Each of these three types has an 
infinite number of divergent diagrams, and all are linearly divergent. But 
those ghost diagrams in which graviton vertices are included will converge. 

As is well known, all the divergences illustrated in Fig. 2 and 3 can be 
removed by nonlinear field renormalization and renormalization of the cou- 
pling constants for the case with a purely 2-derivative graviton vertex. 

2.2. The Case with 4-Derivative Graviton Vertex 

In the higher-derivative quantum gravity, the gravitational action 
includes quadratic terms of curvature tensors besides curvature scalars, and 
the contribution from the higher-derivative terms is included in the graviton 
propagator. There is no reason that this contribution (from the terms like R 2) 
could not be included in graviton vertices. So the three-graviton vertex should 
be given by (6), i.e., its ultraviolet behavior will be like k 4 not like k 2. 
Thus the divergence of the higher-derivative quantum gravity should be 
discussed further. 

If we consider the 4-derivative contribution to the graviton vertex, the 
divergence illustrated in Figs. 2(a) and 3 is the same as the above, but both 
of those in Fig. 2(b) are now fourth-order divergent. The theory also contains 
the following types of new divergence: (1) graviton-loop diagrams with three 
and more graviton vertices, illustrated in Fig. 4, and (2) three types of diagram 
involving external ghosts which involve one or more graviton vertices, as in 
Fig. 5. 

~,, . ' . i . ~ :  . . . . . .  ~ . . . . . . .  ~ . . . . . . . .  
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Fig. 3 The three types of divergent diagram involving external ghost lines with purely 
2-derivative vertices. (a) CC type, (b) P type, (c) Q type. 
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Fig. 4 Divergent graviton-loop diagrams involving three or more graviton lines with 
4-derivative graviton vertices. 
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Fig. 5 Divergent diagrams involving external ghosts with the 4-derivative vertices. (a) 
CC type, (b) P type, (c) Q type. 

Each of the diagrams in Fig. 4 is fourth-order divergent. Its degree of 
divergence is independent of the number of graviton vertices and the number 
of external graviton lines involved in the diagrams. So these types of diagrams 
are infinite. 

For the three types of divergent diagrams involving external ghosts in 
Fig. 5, the degree of divergence of each is 1 and is independent of the number 
of graviton vertices included in these diagrams. So each of these three types 
has an infinite number of divergences also. 

3. DIVERGENCE ANALYSIS OF ARBITRARY LOOP 
DIAGRAMS 

In general, for an arbitrary IPI diagram let Ir be the number of internal 
ghost lines, Ec the number of external ghost lines, E~ the number of external 
antighost lines, ne the number of P-type vertices, nQ the number of Q-type 
vertices, nc the number of h - C -  C vertices, and nh the number of graviton 
vertices. By considering the results in Section 1 and noticing that each external 
antighost line carries with it a factor of external momentum, the degree of 
an arbitrary diagram is 

D = 4 - 2nt ,  - nQ --  E c  - 2E~  (7) 
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(a) (b) (c) 
Fig. 6 The three types of divergent diagram which involve external ghost lines. (a) CC 

type, (b) P type, (c) Q type. 

where we have used the topological relation 

2(Ic - no) = 2 n o  --  n e  -- Ec - E~ 

and considered the three-graviton vertex behavior as k 4 in the ultraviolet 
region. 

Together with the conservation of ghost number, equation (7) enables 
us to catalog three different types of divergent structures involving external 
ghosts. These are illustrated in Fig. 6. In the theory only counting 2-derivative 
graviton vertices, each of the three types has degree of divergence D = 1 - 
2 n h ,  i.e., the divergent diagrams which involve external ghosts are only those 
without a graviton vertex, and the others, with one and more graviton vertices, 
do not diverge. But when the 4-derivative contribution is included in the 
graviton vertex, all those illustrated in Fig. 6 have degree of divergence 
D = 1, and the degree is independent of the number of included graviton 
vertices. So those ghost diagrams which include graviton vertices and do not 
diverge in the former theory do diverge now, and all are linearly divergent. 
So, of course, we have infinite such divergences. 

In the theory only counting the 2-derivative graviton vertex, all the 
diagrams whose external lines are all gravitons, as in Fig. 7, have degree of 
divergence D = 4 - 2 n h ,  i.e., their degree depends on the number of graviton 
vertices. Consequently, all the divergences which involve pure external gravi- 
ton lines only have n h ~ 2. And other diagrams which involve three and 
more graviton vertices will converge (for D < 0). But counting the 4- 
derivative contribution to the graviton vertex, the diagrams with pure external 
graviton lines are all fourth-order divergent and their degree is independent, 
from (7), of the number of graviton vertices. So those diagrams which involve 
three and more graviton vertices also diverge now, and are all fourth-order 
divergent. The number of such divergences, of course, is infinite also. 

| @ 
Fig. 7 The divergent diagrams with pure external graviton lines. 
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From the analysis above, we have shown that an infinite number o f  new 
divergences will emerge in the higher-derivative quantum gravity when the 
4-derivative contribution is included in the graviton vertex. 
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